Analysis Comprehensive Exam
Fall 2026

Student Number:

Instructions: Complete 5 of the 8 problems, and circle their numbers below — the uncircled
problems will not be graded.

Write only on the front side of the solution pages. A complete solution of a problem
is preferable to partial progress on several problems.

NOTE:
e All scalars in this exam are real unless explicitly stated otherwise.
e All functions in this exam are (extended) real-valued unless explicitly stated otherwise.

e The exterior Lebesgue measure of E C R? is denoted by |E|., and if E is measurable
then its Lebesgue measure is | E].

The characteristic function of a set A is denoted by X 4.

The L'-norm of a measurable function f on a measurable set E is || f||; = / |f(x)| dz.
E
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1. Apply Fubini’s Theorem to
[ (w,y) = e cos (2zy)
on E = (0,00) x (0,2) to prove
> in4 1
/ ey = ~ tan™! (4).
0 2

T

Here tan~! is the inverse function of tan.

2. Suppose that f € L'(R) is absolutely continuous on every finite interval [a,b]. Prove

that if
“‘ﬂw+®—f@)
e t

lim
t—0t

dx = 0,

then f =0 a.e.
3. Forn>1,let f, :[0,1] — R be integrable. Assume that
lim f = f a.e. in [0, 1],
k—o0
Assume also that Ve > 0, there exists 4 > 0 such that

E C[0,1] and |E\<(5:>/f,f<€forallk21.
E

Prove that )
i [ 1fe 7 =0. 1)
k—o00 0
4. (a) Use the Weierstrass Approximation Theorem to prove that the set of polynomials is

dense in L?[a, b].

(b) Does there exist a function f € L*[a, b] such that

b b
/xf(x)dle and /xkf(x)da::O, for k=0,2,3,...7

5. Let X be a Banach space, Y be a normed linear space, and B : X XY — R be a bilinear
function (that is, it is linear in each of its two variables). Suppose that for each z € X
there exists a constant C'(z) > 0 such that

Bla,y)| < C(x) |yl for all y € ¥
and for each y € Y, there exists C'(y) > 0 such that
|B(z,y)| < C(y)||z|| for all z € X.
Show that then there exists a constant C' > 0 such that
B(z,y)| < Clalllyl
forallz € X and all y €Y.
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6. Let H be the set of all absolutely continuous functions f € AC|a, b] such that f(a) =0
and f’ € L*[a,b]. Prove that H is a Hilbert space with respect to the inner product

(f.g) = / () 7@ de

7. Let n > 1. Let p be a positive measure on R with infinitely many points in its support.
Assume that every polynomial of degree < n is u—integrable over R. Let P be a
polynomial of degree n such that for j =0,1,2,...,n — 1,

/P(a:) Pdp () = 0.

a) Prove that P has n distinct zeros in R.

(
(b) Prove that if [a, b] is an interval that lies outside the support of u (that is u ([a, b]) =
0), then P can have at most one zero in [a, b)] .

8. Prove that if f € L'(R) N L*(R), then for every 1 < p < 4 we have both
(a) f € LP(R), and

(b) ;gkﬂ{mf{: |f(z)] >k} = 0.
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