Analysis Comprehensive Exam
Fall 2025

Student Number:

Instructions: Complete 5 of the 8 problems, and circle their numbers below — the uncircled
problems will not be graded.

Write only on the front side of the solution pages. A complete solution of a problem
is preferable to partial progress on several problems.

NOTE:
e All scalars in this exam are real unless explicitly stated otherwise.
e All functions in this exam are (extended) real-valued unless explicitly stated otherwise.

e The exterior Lebesgue measure of E C R is denoted by |E|e, and if E is measurable
then its Lebesgue measure is | E].

The characteristic function of a set A is denoted by X 4.

The L'-norm of a measurable function f on a measurable set E is || f||; = / |f(x)| dz.
E
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1. Assume that f € L*(R), and define

g(x) = /_x f(t)dt, for x € R.

Let ¢ > 0 be fixed. Prove that g(z + ¢) — g(z) is an integrable function of x, and that

/OO (g(a:—l—c) —g(x)) dz = c/i (1) dt.

o0

2. Suppose that f is positive and monotone increasing on (0, 00), and f is absolutely con-
tinuous on every finite interval [a, b]. Suppose that there is a constant C' > 0 such that
f(x) < Ca? for all x > 0. Prove that [[71/f = oco.

3. Assume f, g € L'(R), and let g,(z) = g(x — n). Prove that

T (|f = galle = N[flh + llgll

4. Prove that if f € L*(R), then

oo n 1/n
JLH;O( | i d@") = Ml

5. Fix 1 < p < oo, and assume that functions f; € LP(R) are such that || f;||, = 1 for every
k, and for almost every x € R we have either fi(xz) = 0 or fi(x) > k. Prove that if
g € L”(R), where 110 + L =1, then

p

lim /_OO fr(z) g(z)dx = 0.

k—o0

6. Let f € L'(R) and « € (0,1). Show that for almost every y € R,
|/ ()]

Rmdx<oo

7. Let (X, M, ) be a measure space, and let f : X — (0,00) be a measurable function

such that
/ fdu=1.
X

Suppose 0 < pu(E) < oo for some measurable set £ C X, and let 0 < r < 1.
(a) Prove that
/ frdp < p(E)'.
E
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(b) Consequently, prove that

/E log f dyi < —pu(E) log(u(E)).

Here log denotes the natural logarithm.

8. Suppose that f : R, — R, is a continuous function with the property that for every
x € R+,
lim f(nx) =0 (where n € N).
n—oo

Prove that
lim f(t) =0 (where t € R).

t—o00
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