Differential Equations Comprehensive Exam
Spring 2024

Student Number:

Instructions: Complete 5 of the 8 problems, and circle their numbers below — the uncircled
problems will not be graded.

Write only on the front side of the solution pages. A complete solution of a problem
is preferable to partial progress on several problems.
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1. If u(z,t) € C?*([0,1] x [0,00)) is a classical solution to the following problem

Upp — Ugy + Up = —iu, z e (0,1), t >0,
u(0,t) =u(l,t) =0, t >0
u(r,0) = g(x), w(z,0) = h(z), for z € (0,1),

for any bounded C? functions g(z) and h(zx) such that

9(0) = g(1) = h(0) = h(1) = 0.
Prove that
Tim [Ju(z, t)l] 20,1 = 0,

. 1
at an order like e~ 2¢.

2. Let B be a unit ball in R™ (n > 2) centered at the origin, and u be the smooth solution

of the following problem
—Au = f) YIS Bv
u=g,on 0B.

Prove that there exists a constant C', depending only on n, such that

< .
max [u < C(max |g| +max|f])

3. For the following problem

u(x,0) = !

{ us +uu, =0, x € Rt >0,
1+ 22’

find the time and the point where the C! solution u(x,t) blows up first.

4. Assume that u(z,t) € C*'((0,7) x (0,00)) solves

Up — Uy = 3u, x € (0,7), t >0,
uw(0,t) = u(m,t) =0, t >0,

u(w,0) = f(z), forx € (0,7),
where f(x) € C§°(0, ), that is f(z) has compact support in (0, 7). Prove that

Tim [Ju(z, 1)l 22 0.7 = 0.
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5. Consider the equation
y(t) = y* cost — ey. (1)
Show that for every yq there exists 7(yo) > 0 and a solution Y (¢, yo) of (1) with Y(0, o) =
Yo defined for t € (—7(yo), 7(y0)). Can you chose 7(yo) such that inf, cg 7(yo) > 07

6. Let f(t) be defined for ¢ €]1, 0o], continuous and such that
/tnw@w<m
1

Show that there exists a unique solution of

mn

Soy(t) + F(By(e) = 0

such that
lim y(t) =1

t—o00

limy@(t) =0 i=1,...,n—1

t—o0
where y9(t) = d'y(t)/dt".
(Hint: for n = 2 we have the integral representation

mw:mw+ymﬁ—/@—$ﬂ$mwm

Generalize this formula for any n and then iterate it.)

7. Show that the system of equation

3
a’szm—y—(asz+§y2>x
y=w+y—(ﬁ+—f)y

admit at least a periodic orbit.

8. Let A be a n X n constant matrix and ¢ : R — R"™ be continuous and periodic of period
T'. Consider the differential equation:

#(t) = Az(t) + g(t). 2)

Show that if all eigenvalues of A have non 0 real part, then there exists a unique x( such
that the solution of (2) with x(0) = x¢ is periodic of period T.
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