Discrete Mathematics Comprehensive Exam
Spring 2024

Student Number:

Instructions: Complete exactly 5 of the given 6 problems and circle their numbers below. The
uncircled problems will not be graded.

Write only on the front side of the solution pages. A complete solution of a problem is
preferable to partial progress on several problems.

All graphs in the following problems are finite and simple.

1. Let G be a nonempty graph with average degree at least 16. Show that G has a subgraph
H such that H has minimum degree at least 3 and every set of 3 vertices in H is contained
in an even cycle of H.

2. Let G be a graph that does not contain an induced copy of K; 4. Show that

w(G)+2
x(G)<( 3 >,

where w(G) is the clique number of G.

3. Letkbeaninteger with k > 2 and let G be a connected graph such that G does not contain
Ky as a minor. Show thatx(G) < 2*.

4. Fixintegersn > k > 10. Aset X C {0, 1}™ of binary strings of length n is called k-full if for
every k distinct indices i, ..., ix € [n], the set {(xi,,...,%i,) : (x1,...,Xn) € X} contains
all 2% binary strings of length k. Prove that there exists a k-full set X C {0, 1}™ of size at
most [k2Xlogn]. (The logarithm is base e.)

5. Fix integersn > k > 10. Let ay, ..., a,, be real numbers with |a;| < 1 foralli € [n]. Show
that there exists a choice of signs €1, ..., €, € {+1,—1}such thatforall 1 <i<n—k+1,

leia; + €ir1Qi41 t -+ €i4x—1 aHk,]I < 10y klogk

(The logarithm is base e.)
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6. Let G ~ G(n, 1/2) be the n-vertex Erd6s-Rényi random graph with edge probability 1/2.
Let A(G) denote the maximum degree of G. Show that

P[A(G) <n/2] > 2™,
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