Math 1553 Worksheet §5.4 - §5.5
Solutions

1. Write a matrix that is invertible but not diagonalizable.

Solution.

11
The matrix (O 1) is invertible but not diagonalizable.

2. LetA= (_2 1 ) Find all eigenvalues of A. For each eigenvalue, find an associated

eigenvector.

Solution.
The characteristic polynomial is
A2 —Tr(A)A + det(A) = A2 —2A1 +5

2++/4—20 2+4i

2 2
For the eigenvalue A = 1—2i, we use the shortcut trick you may have seen in class:

A2—2A4+45=0 < A= =1+2i.

the first row (a b) of A— AI will lead to an eigenvector (_ab) (or equivalently,

(_ba) if you prefer).

(A—(1—2i)I|O):((i§ (*2) 8) — v:(;lz)

From the correspondence between conjugate eigenvalues and their eigenvectors,
we know (without doing any additional work!) that for the eigenvalue A =1+ 21,

. . . — —2
a correspondmg eigenvectorisw =v = (_21)

If you used row-reduction for finding eigenvectors, you would find v = G) as an

1 ) as an eigenvector for eigenvalue

eigenvector for eigenvalue 1 —2i, and w = (
1+ 2i.



2 SOLUTIONS

The eigenspaces of some 2 x 2 matrix A are drawn below. Write an invertible matrix
C and a diagonal matrix D so that A= CDC™'. Can you find another pair of C and
D so that A= CDC™'?

Solution.

We choose D to be a diagonal matrix whose entries are the eigenvalues of A, and
C a matrix whose columns are corresponding eigenvectors (written in the same
order).

The eigenvalues of Aare A; =—1 and A, = —2.

The (—1)-eigenspace is spanned by v; = (_11)

The (—2)-eigenspace is spanned by v, = (;)

Therefore,wecanchooseC=(V1 Vz)=(_11 2)andD=(7gl f):(_ol _02)
2

There are many possibilities for C and D.

For example, since Span {(_11)} = Span {(_11)}, we could have chosen

v, = ( ) instead, so that

1
-1 3 -1 0
=(72) =0 %)

Alternatively, we could have rearranged the order of the diagonal entries of D and
taken care to use the corresponding order in the columns of C:

(3 2) o3 %)
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Regardless, if you write any correct answers for C and D and go the extra step of
carrying out the computation, you will obtain

1/8 3
_ -1 _ 1+
A= CDC " = 5(2 7).

Suppose A is a 2 x 2 matrix satisfying

-1 2 —2 0
(1)=(5) 2(E)-()
a) Diagonalize A by finding 2 x 2 matrices C and D (with D diagonal) so that
A=CDC™,

b) Find AY.

Solution.

a) From the information given, A, = —2 is an eigenvalue for A with corresponding

—2
eigenvector ( 1 ), and A, = 0 is an eigenvalue with eigenvector ( 3 )

By the Diagonalization Theorem, A= CDC~! where
-1 -2 -2 0
€= ( 13 ) b= ( 0 0)'

1 3 2 -3 -2
. -1 __ —
b) Wefind C— = 3+2( 1 1)—(1 1).

(1 =2\((=2)7 0\[-3 -2
17 _ 17 1 __
A_CDC_(l 3)(0011
(=1 —2\(3-217 288
{1 3 0 o

—-3. 217 _218
= 3. 217 218 .




