1.

Math 1553 Worksheet §2.6, 2.7, 2.9, 3.1
Solutions

Circle TRUE if the statement is always true, and circle FALSE otherwise.
a) If Ais a 3 x 100 matrix of rank 2, then dim(NulA) = 97.
TRUE FALSE

b) If Ais an mxn matrix and Ax = 0 has only the trivial solution, then the columns
of A form a basis for R™.

TRUE FALSE
X
¢) ThesetV = )z/ in R* | x —4z =0 } is a subspace of R*.
w
TRUE FALSE
Solution.

a) False. By the Rank Theorem, rank(A) + dim(NulA) = 100, so dim(NulA) = 98.

1 0
b) False. For example, A = (0 1) has only the trivial solution for Ax = 0, but
0 0

its column space is a 2-dimensional subspace of R3.
c) True. V is Nul(A) for the 1 x 4 matrix A below, and therefore is automatically
a subspace of R*:
A=(1 0 —4 0).
Alternatively, we could verify the subspace properties directly if we wished,
but this is much more work!
(1) The zero vector is in V, since 0 —4(0)0 = 0.

X1 X
_| N _| )2 : _ —
(2) Letu = » and v = . be in V, so x; —4z; = 0 and x, —4z, = 0.
1 2
w1 1)
We compute
X, + X,
+
utvy=|r1Tr2
2+ 2,
wy +w,y

Is (x; + x5) —4(2, +2,) = 0? Yes, since

(x1 +XZ)_4(Z]_ +Zz) - (Xl _421) + (X2_4ZZ) - O+O - O.
1



2 SOLUTIONS

is in V then so is cu for any scalar c:

(04

X
Yy
P4
w
cx
cy
cu= and cx—4cz=c(x—4z)=c(0)=0.
cw

1

Write a matrix A so that ColA = Span { (—3)} and NulA is the xz-plane.
1

Solution.

Many examples are possible. We’d like to design an A with the prescribed column
span, so that (A | O) will have free variables x; and x;. One way to do this is simply

1
to leave the x; and x5 columns blank, and make the second column (—3). This
1
guarantees that A destroys the xz-plane and has the column span required.

0 1 O
A= 0 =3 0 |.
0 1 O

An alternative method for finding the same matrix: Write A = (vl Vy Vg ) We
1

want the column span to be the span of (—3) and we want
1

b b'e 0
Al O |= (vl v, v3) O )=xv;+2vs=1|0 for all x and z.
Z Z 0

0 0 1
One way to do this is choose v; = (0) and vy = (0), and v, = (—3).
0 0 1
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1 —5 —2 —4
LetA=|2 3 9 5 |, andlet T be the matrix transformation associated to
1 1 4 2
A, so T(x) =Ax.
a) What is the domain of T? What is the codomain of T? Give an example of a
vector in the range of T.

1 0 31
b) The RREF of A is (O 111 ) Is there a vector in the codomain of T which

0 00O
is not in the range of T? Justify your answer.

Solution.

a) The domain is R*; the codomain is R3. The vector 0 = T(0) is contained in the

range, as is
(1) (1)
2|=T
1 0
0

b) Yes. The range of T is the column span of A, and from the RREF of A we know
A only has two pivots, so its column span is a 2-dimensional subspace of R>.
Since dim(R?) = 3, the range is not equal to R3.



